In this paper, we consider the study of a fractional elliptic problem with the Hardy-Sobolev-Maz'ya potential and critical nonlinearities. By means of variational methods and suitable technique, a positive solution to this problem is obtained.
Introduction and main result
In this paper, we consider the existence of the solutions for the following problem:
where is a smooth bounded domain in R N = R k × R N-k with N ≥ 3 and 2 ≤ k < N , 0 ≤ μ < a k,s := 2 2s 2 ( In recent years, much attention has been focused on the study of the problems involving fractional operators. The fractional operators appear in several applications to some models related to probability, mathematical, finances or fluid mechanics, soft thin films, stratified materials, multiple scattering and minimal surfaces (see [3] [4] [5] [6] ). When μ = 0 and α = 0, problem (1) reduces to critical fractional equation. Abundant results have been accumulated (see [7] [8] [9] [10] [11] [12] ). For a class of fractional elliptic problems with the Hardy potential
Abdellaoui and Medina et al. in [13] gave the solvability of the problem (2) for the linear case g(x, t) = g(x) and the nonlinear case g(x, t) = h(x) t σ , respectively. For critical case, a positive solution was obtained in [14] with by the Lagrange multipliers technique. Moreover, the authors in [15] have studied the solvability of problem (2) for the case g(x, t) involving concave-convex nonlinearities.
Recently, Jiang and Tang in [16] had considered the problem (1) for the case s = 1, they supposed the nonlinearity term f ∈ C( × R + , R + ) satisfies the following conditions:
For λ > 0 large enough, they obtained the existence of positive solutions of problem (1) for s = 1 by using variational methods. For the case s = 1 and λ = 1, Ding and Tang in [17] obtained the existence of positive solutions for problem (1) by the variational methods and some analysis techniques with f satisfying the (AR) condition. For related papers on the semilinear elliptic equations with Hardy-Sobolev critical exponents of (1) for s = 1, we just mention [18, 19] and the references therein.
To the best of our knowledge, there is no result in the literature on the fractional elliptic problem with Hardy-Sobolev-Maz'ya potential and critical nonlinearities. Motivated by the above papers, our aim is to study the existence of positive solutions for problem (1) and our main result of this paper is as follows. 
Functional setting and useful tools
We will denote by H s (R N ) the usual fractional Sobolev space endowed with the natural
|x -y| N+2s dx dy 1 2 .
We consider the function space
with the norm
which is equivalent to its general norm due to the Hardy inequality
where
We can introduce the best fractional critical Hardy-Sobolev constant S μ,α , given by
. ( 4 ) From [20] , we know that S μ,α is attained by functions
for all u ∈ X s 0 , where
) functional, and it is well known that the solutions of problem (1) are the critical points of the energy functional J λ . In fact, if u is a weak solution of problem (1), we have
for all ϕ ∈ X s 0 . Now, we will give some essential lemmas as follows.
Lemma 1
Let λ > 0 and f satisfies assumptions (f 1 ) and (f 2 ). We can deduce that:
Take u ∈ X s 0 . Combining (4), (5), (7) and (8), we have
where C i , i = 3, 4, 5, are positive constants. For ε > 0 small and according to the fact 2 < 2 * (s), then there exists ρ > 0 small enough such that
Choosing e = t * v with t * > 0 large enough, we get e X s 0 > ρ and J λ (e) < 0. This completes the proof of the Lemma 1.
We recall that a sequence {u j } j∈N ⊂ X s 0 is a Palais-Smale sequence for the functional J λ at level c λ if
as j → ∞. We say that J λ satisfies the Palais-Smale condition if every Palais-Smale sequence of J λ has a convergent subsequence in X s 0 . Now put
Obviously, c λ > 0 from Lemma 1. Next, we introduce an asymptotic condition for the level c λ .
Lemma 2 Under the conditions of Lemma
Proof of Lemma 2 Fix λ > 0. Since the functional J λ satisfies the Mountain pass geometry, there exists t λ > 0 verifying J λ (t λ e) = max t≥0 J λ (te), where e ∈ X s 0 is the function given in Lemma 1. Hence, by (6), we have J λ (t λ e), t λ e = 0, that is,
From (f 1 ), we have
which implies that {t λ } is bounded. Hence, there exist a number t 0 ≥ 0 and a subsequence of {λ j } j∈N , which we still denote by {λ j } j∈N , such that λ j → +∞ and t λ j → t 0 as j → ∞. So by (9) there exists D > 0 such that t |z| α dx = ∞, which contradicts (10). Thus t 0 = 0 for λ j → ∞. Now, let us consider the path g(t) = te, for t ∈ [0, 1], which belongs to . By Lemma 1 and (f 1 ), we get Proof of Lemma 3 By (f 2 ) and the boundedness of , for any ε > 0, there exists T > 0, such that
for C i (ε) > 0, i = 6, 7. Furthermore, for any (x, t) ∈ × R + , we have
Then, for ξ ∈ (2, 2 * s (α)), one has
for C 8 (ε) > 0 and any (x, t) ∈ × R + . Set l(x, t) :=
, we claim that l(x, t) satisfies the (AR) condition. By (11) , one easily gets
Thus, for a fixed λ > 0 and ε > 0 sufficiently small, there exists
Moreover, by (f 2 ), we obtain
, we obtain T λ > 0. It follows from the above inequalities that
Combining (f 2 ), (6) and (12), it follows that
Hence, we obtain {u j } j∈N is bounded in X s 0 . This completes the proof of Lemma 3. 
Lemma 4 Assume that conditions
Due to the continuity of embedding
) and the boundedness of
. Now, according to (f 2 ), for any ε > 0, there exists a a(ε) > 0 such that
Obviously, { F(x, u + j ) dx, j ∈ N} is equi-absolutely continuous. It follows from Vitali's convergence theorem that
Similarly, we get
By (13) and (15) we obtain
Then u λ is a critical point of J λ , thus u λ is a solution of problem (1) . It follows from (6) and (12) that
for ξ ∈ (2, 2 * s (α)). Now, let w j = u j -u λ , by the Brezis-Lieb lemma [21] , we have
Since J λ (u j ) = c λ + o(1), by (14) and (16)- (18), we obtain
According to J λ (u j ), u j = o(1), (15) and (16)- (18), we get
Assume that w j X s 0 → l, it follows from (20) that
as j → ∞. From (4), one has
.
We get l ≥ S N-α 2s-α μ,α . It follows from (19) and (20) that 
Moreover, for a.e. x, y ∈ R N , one has
From (3) and (21) 
Conclusion
In this paper, we devoted our study to the existence of solutions for a fractional elliptic problems with the Hardy-Sobolev-Maz'ya potential and critical nonlinearities. The approach of this paper is by the well-known mountain pass theorem. The nonlinear term f satisfies assumptions (f 1 ), (f 2 ) without the (AR) conditions. We established a new term l(x, t), which satisfies the (AR) conditions combined with the critical term by using some analysis techniques. Then we overcame the compactness and obtained a positive solution of problem (1). Our results are new and the work established in this paper is of quite a general nature.
